The toroidal states in 28 Si with spin extending to extremely high are investigated with the cranking covariant density functional theory on a 3D lattice. Thirteen toroidal states with spin I ranging from 0 to 56 are obtained, and their stabilities against particle emissions are studied by analyzing the density distributions and potentials. The excitation energies of the toroidal states at I = 28, 36, 44 reasonably reproduce the observed three resonances extracted from the 7-α de-excitation of 28 Si. The α clustering of these toroidal states is supported by the α-localization
I. INTRODUCTION
Most nuclei in their ground states are spherical or ellipsoidal [1] . Wheeler suggested that very heavy nuclei may have toroidal shapes due to the large Coulomb energies [2] .
Pioneering works along this idea have been done by Wong [3] [4] [5] . Based on the radially displaced harmonic-oscillator (RDHO) model, it was found that although the toroidal states in liquid-drop model are unstable against sausage deformations, the nuclear shell effects may counterbalance with this instability [3, 4] . Later on, Wong predicted that the toroidal states could be stabilized with a sufficiently high angular momentum by introducing an effective "rotation" about the symmetry axis to the toroidal states [5] . Recent investigation on shells in a toroidal nucleus in the intermediate-mass region with RDHO model can be found in Ref. [6] .
The microscopic and self-consistent nuclear energy density functional theories (DFTs) [7] [8] [9] [10] have also been used to investigate the toroidal states in both superheavy [11] [12] [13] [14] and light nuclei [15] [16] [17] [18] [19] [20] . In particular, for the high-spin toroidal states, a toroidal state with an angular momentum of 60 along the symmetry axis in 40 Ca has been obtained with the cranking Skyrme DFT [16] . Similar high-spin toroidal states in other nuclei with 28 ≤ A ≤ 52 were also investigated in Refs. [17] [18] [19] [20] .
The angular momenta of the high-spin toroidal states are not from the collective rotation about the symmetry axis, but are generated by nucleon alignments [16, 17] . The alignments of nucleons violate the time-reversal symmetries and, thus, induce strong currents [16] , which requires a proper treatment of the time-odd fields in the framework of DFTs. In addition, some toroidal states may contain single particles in unbound states [16, 18, 20] . It is therefore important to examine the stability of the toroidal states against the nucleon emissions.
To treat the time-odd fields and nucleon emissions properly, a covariant DFT (CDFT) calculation in three-dimensional (3D) lattice space is preferred. Due to the Lorentz invariance, the CDFT provides a self-consistent treatment of the time-odd fields; the time-odd fields share the same coupling constants as the time-even ones [21, 22] . Working in 3D
lattice space makes it suitable to examine the nuclear stability against nucleon emission.
Fortunately, the CDFT in 3D lattice space is available now [23] [24] [25] after overcoming the longstanding problems of the variational collapse [26, 27] and Fermion doubling [23] . In particular, the cranking CDFT in 3D lattice space is realized in Ref. [25] , and thus provides a new opportunity to investigate the high-spin toroidal states.
By deep-inelastic collisions of 28 Si on 12 C target, an experiment has been performed recently to search for the high-spin toroidal states in 28 Si [28] . The excitation function for the 7-α de-excitation channel of 28 Si reveals three resonances at the excitation energy region predicted in Ref. [17] . These three resonances are then suggested as the high-spin toroidal states in 28 Si at spin I = 28, 36, and 44 , respectively. The presence of these states is supported by the cranking CDFT calculations [28] . In Ref. [28] , the discussions based on cranking CDFT calculations are mainly focused on the excitation energies. It would be interesting to study the toroidal states in 28 Si in details.
In this work, the toroidal states in 28 Si will be investigated by the cranking CDFT in 3D lattice space systematically. The theoretical framework will be briefly introduced in Sec. II.
The numerical details are presented in Sec. III. Section IV is devoted to the results and discussions, including toroidal states in 28 Si, stability of the toroidal states against nucleon emissions, excitation energy in comparison with the data, and the α-localization function.
Finally, a summary is given in Sec. V.
II. THEORETICAL FRAMEWORK
The starting point of the point-coupling density functional theory is a standard effective Lagrangian density of the form
including the Lagrangian density for free nucleons L free , the four-fermion point-coupling terms L 4f , the higher order terms L hot accounting for the medium effects, the derivative terms L der to simulate the finite-range effects that are crucial for a quantitative description of nuclear density distributions, and the electromagnetic interaction terms L em . For the detailed formalism, one can refer to, for examples, Refs. [10, 29, 30] . The nucleons in CDFT can also be coupled with finite-range meson fields, and the details can be found in
Refs. [31, 32] .
For nuclear rotations, one can transform the effective Lagrangian into a rotating frame with a constant rotational frequency ω around the rotational axis [33] . By minimizing the Routhian of the total system, one can get the cranking CDFT [21, 22, 34] . Assuming the rotational axis as the z-axis, the equation of motion for nucleon becomes,
Hereĥ ′ is cranking Hamiltonian, ε ′ k is the single-particle Routhian, −ωĵ z is the Coriolis or cranking term, andĵ z =l z + 1 2Σ z is the z component of the total angular momentum of the nucleon spinor. From the single-particle wave functions ψ k , the single-particle energies are obtained by calculating the expectation values of the single-particle Hamiltonianĥ 0 ,
The relativistic scalar S(r) and vector V µ (r) fields are connected in a self-consistent way to the densities and current distributions of the nucleons. By solving the Dirac equation (2) self-consistently, one can proceed to calculate various physical observables, such as angular momenta and total energies. For the details, one can refer to, for examples, Refs. [10, 21, 22, 34] .
The cranking Dirac equations are usually solved on the harmonic oscillator basis [33, [35] [36] [37] [38] . In Ref. [25] , the cranking CDFT is solved in 3D lattice space by overcoming the variational collapse and the Fermion doubling problems with the inverse Hamiltonian [27] and the Fourier spectral methods [39] respectively.
As noted in Ref. [25] , when solving cranking Dirac equation in 3D lattice space, the unphysical continuum with large angular momenta go down drastically and even cross the occupied single-particle Routhians at large rotational frequencies. The occupations of these unphysical continuum would lead to an unphysical fission of the system. To avoid this problem, as in Ref. [25] , the cranking term −ωĵ z in Eq. (2) is replaced with a damped one
is a Fermi-type damping function with two parameters r D and a D .
III. NUMERICAL DETAILS
In the present cranking CDFT calculations for 28 Si, the PC-PK1 density functional [30] is employed. The 3D lattice is built in the Cartesian frame, and a step size 0.8 fm along the x, y, and z axes is chosen. The grid numbers are 34 for the x and y axes and 24 for the z axis. The size of the space adopted here is sufficient to obtain converged solutions. To obtain the toroidal states of 28 Si, the initial state is constructed by placing seven wavefunction sets of 4 He along a ring in the z = 0 plane, as shown in Fig. 1 For the toroidal state in Fig. 1(d) , the expectation value of total angular momentumĴ z gives the spin I = J z = 44 , which is consistent with the results given by the Skyrme DFT and RDHO model [17] . Apart from the toroidal state at I = 44 , the RDHO model indicates that other toroidal configurations exist [17] .
In order to understand the toroidal configuration, the single-particle Routhians of the toroidal state at I = 44 as a function of ω are shown in Fig. 2 . The occupied levels carried out in the framework of cranking CDFT.
For the symmetric proton and neutron configurations, the toroidal states at I = 0, 16, 28, 44, 56 have been found. The corresponding single-neutron levels are shown in Fig. 3 .
Due to the time-odd fields, the degeneracy of the single-neutron levels is lost for the toroidal states with I = 0. The toroidal states at I = 16, 28, 44, 56 respectively correspond to the
ν,π , and [4p4h] ν,π particle-hole excitations relative to the toroidal state at I = 0 . These particle-hole excitations can only occur among the "toroidal levels".
The occupation of the other levels would contribute remarkable density in the center of the torus and destroy the toroidal structure.
For the asymmetric proton and neutron configurations, the toroidal states exist as well. Fig. 4 together with the toroidal states with symmetric proton and neutron configurations. Axially- In Fig. 5 , the total density distributions for the toroidal states with the symmetric proton and neutron configurations at I = 0, 16, 28, 44, 56 in the z =0 plane are shown as a function of the radial coordinate r in normal and logarithmic scale. Due to the axial symmetry of the toroidal states, the density in the z = 0 plane only depends on the radial coordinate, and decrease exponentially. Therefore, one can conclude that they are localized. This indicates that the obtained toroidal states are stable against particle emission. Similar conclusion holds true for the toroidal states with the asymmetric proton and neutron configurations. 
with l = 5 and ε the single-particle energy, is plotted in Fig. 6 in the z = 0 plane. The centrifugal barrier is around 9 MeV and therefore the neutron level with m π z = 11/2 − is quasibound. Accordingly, the radial density profile for this level is localized as shown in Fig.   6 . Similar analyses can be done for the other toroidal states, and the corresponding density distributions are localized. The observed excitation function for the 7-α de-excitation channel of 28 Si hints the α-cluster structure in the corresponding resonance states. It is interesting to investigate the α-cluster structure in the toroidal states. In Fig. 4 , it is already found that the width of the cross section of the torus density distributions is close to the width of an α particle used in Brink's α-cluster model. Further examination of the α-cluster structure can be performed with the α-localization function which has been widely used to explore the α-cluster structure [44] [45] [46] [47] [48] [49] .
The α-localization function is defined as C α = (C n↑ C n↓ C p↑ C p↓ ) 1/4 with the nucleon localization function C qσ (r) [44] . A value of C qσ (r) characterizes the probability of finding two nucleons with the same spin and isospin at neighborhood space. For α-cluster systems, C qσ (r) ≈ 1, and for homogeneous nuclear matter, C qσ (r) ≈ 1/2.
In Fig. 8 , the distributions of C α in the z = 0 plane for the toroidal states with I ranging from 0 to 56 are plotted. The maximum in density distribution for each toroidal state is denoted by white line. Around the white line, the C α values are larger than 0.9, which suggests the existence of the α clustering for these toroidal states.
V. SUMMARY
In summary, the toroidal states in 
